DEF) C| h\atm. Lw. 9p € GLU\,(’,) ‘
The he alg of G is g=1Xe Mn(c)l e xéG VtéRf ﬂwa 1eal Lte algel,m
PEF) A matiix Lie 9p Gis  complex., if its liealy § 5 a complex subspace of Mo D).
prop): 1f G commutotive , then § is commutetive -
Notations:  gltn,&) = the Lie algebrd of Glnd).
slen,€) . secn), e, spen)-—
wop: Jln @) =Mal0)
stind) = 1Y eMnte) | trace(X)=0f
peof : X € MnCt) hos tr o, want fo show e ¢ slin0)
o det(e)= e TP | 2 yesting

o 4 - race ()
Convenely € e has det (. traee(X)= X‘{C ( ’tm

wy IQM ﬂ W W W W W W w w

W

:: i a't de t(ekx)lt-o =0

5 Exwks uem = 1Xe MaC€) l XL'X? ,

» Lie gvoups and. Lie ngel)m ,\OWW[J‘"'S"‘S

;@ Fovmz L:o, va‘; ~s Li:. &lael!ra..

3 Now : Lie grovp hom —~  Lie %ebm komi

j’ Thm: GH ae mat Lie 9ps - ﬁ,l. are Lie ah'ebm .3:G—H Lie gp homo.

? 1! R-lnear map 4’6_“";\. it a(ex);eélx). .Vxéﬂ.

-4 Tl\h m 5&‘&]}1(’] ] Lo

5 0 ¢(AXA )= 3 G0 A VXeg Aeq

3 ® ¢ (L'x;TJ) [X. ¢TJ Ld> s L{eg,’? }mo

" bEF) G mt Lie 9p- 3¢s Lie 013 f Q. AéG The' adpmt map A0L4 gy s given
- by Max)= AXA" s

< peps G 9aslepe. 3

= i A Aj G— a]_(g) s a l\egw ;\omovv\oYPl\U"L (continuans . A"k@@i\ glg
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lﬁutl.\evmge. VAEG. AglA;.g-—?q is o Lie alg kmomvpklsm._ (‘MAE'X,YJ:' EAG.IA(X),‘AJ%(Y)])

§: Lieoly. QL@ finvertible lie mops §: 9291
Jug) = all lingar meps f+ 997 , CH4) :{5'#
= 4ql(g) 1s the Lie a[gebm of GLLY).

let d: Ad, Thea.%. G—0LW) (5a Legy llommwp/\m:) 43 99U is the lie a(gojmho
pop: &= Al = d=ad .
‘)f Jcr'(,"\eoYen’L 328 . PW\*} (P(X) E[-,b (e‘kx),téo :}tAJC{X l‘t:o
O): o e¥Te ]
= e¥ yre~Fr ety ey = XT-TX

o oan an a@Bie & & o o

M= €%
Ex: let G=GlaCE), g=9ltn, = AM()

pop: YXEMnCO), letting adx: MnCO —MaCD) by adkcri= DuY)» ex re ™€ (1)
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(G G

36. The complex tfication of a veal (e wlge[:rq , , formal sem.
DED)  \| is finte-dim veal v.5. The complexification. < V is Ui= 1,V\‘\"'V‘l Vi WVI
bef: iusir= —vetil, ==

prop) 3 fw\fe—dmm. 1al [ie a[\(j e is the mele""Jc(m‘bW"- of §. (as vectaripace)

~——

-,, [ qu on 3( st : =
D J¢ with L. isa complex Lie. algebrk €
@ [xVJge= [ully VXVES =

~ ¢ is called the Comylextﬁca{iom of the. 1€al |ie o.(g 3.
pods 9 MaCQ s a veal Lie alg. Yok Xeg, tX&9. 9o = UxriteMa@| XTE]]
LR R) ¢ 2 JUniD
Uh¢ = glin.Q)
M Umestemc| XXy S
CGampus =
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PF)  Gis Mot lie gp with lie a(gebmg ﬂe cxponatttaL. mapﬁm Cus ﬂv. mo-f ex'f 3 G
In. general:exp:g—G (s neither |~| nor onfo . However, ' tomu.‘ " 1-1 .ond, onto,
Thn:  for 0<€<log2 Let Ug = {XeMn) | IMI<ET, Vi'm’(“&)
G< QL) , 9is Lie alehra_ of G. Then. Fo< i,<lp3 2.5 VA GVL then
heg @ lojAej

Explanation:

exp: 3-46 (ncd&’ | = g\onbo
& explynlp)=anle
Cor : dimp gk Then Gis o spoth embeddal subnanfdld MaCC) of dim k., Therefme
G is a Le 9y
(or: GeGLing) mat lie 9p with, Lte. alj 9. Then Xéﬂé” 3 smasth. curve Y& in G st
o= . FelporX . (2 9 is the tongatpue of Get the dertrtj)
Recall : 3 G—H ~ ¢ 9—=h
Covo: 1f G connected 32»5 de’ce)n'/\med byd’ §— 4,

Besic vepn ﬁ\eava,
Recoll:  ( eommatativ—tonnected . T/\eu G commutative £ 9 wmmute
G it Lie gp .2 Go is also o matrix lie goup. Lealf6= Lieagef
Lie, a(gebm, is esgier to lcarn !

Now: | is finite -dim vec 5p over |
€ GL(v) = grupof invertible linear rangformations orV (= GLNLE))
9LV)= EndiV)=spae, of all linear trans on V. ( liealy with Cx1aX{-YX)

—ER: G _mapicliegp. A repn of G, s a llﬁ_amlf hame, mephism T Q=G L(Y,
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ef) Gliealy A finite=din tepof-g is a lie oy homo: x:g-gle) r
We: wil a(wads consider a vep as o (ineor actin ona Vector spuce. €
NU'te,: “’: G —4LV) s qroup homo (g,\),va 3.)\\) {E
L:Q PIW) s lrealy hamo  F(CkYI) = DERY) @ vz X Ui g

AT | = Rl ALDAK) Fay
T rep o of G act\'l\g on Vo WeV is invarjant sul;slmz l»]- 9.W¢ WVQ e( P
Typal problemeis 4o classify all irr vepns Up to Lsomotphisms. 59

pop s TT: G—GLY). G s ke 3pwtth lie alg 9. 2 3 Ttep IL: 9-29Lv) st m(e-€ ::;

Moveover, x(x= ade,ﬂ' (e¥ )l teo 3 :

WA =W TN

pop: G : connected. motiix Lie 9p- with lie ab{, ‘ -
O[T isivy =R is vy
CRIMES PSR =2

A/
PEF: & mahix. lie gp Wlbkg TheaAJwL e o f Gis Ad: G—0GLL9)

The ddjsnt 1epn of 9 isad i g —gl(9)
Kok s0bth=G]

Ad isrep 2 Ad (AB)= Ad(AVALB)
ad. s P& aoltx,yg:- qolxaoly—-qclyqal)(

Al

DEF: Tenor product f: U—W, §:V—V are hinear_trap . their tenor 7vodud' s - {@F: ((;‘@%V:L?X)@_qw
PEF  G.H ove matix Lie gp, TN: Yepof GonU. To:tpd Hopy
The tensor onal(uk /T, of T anol [T, is: the 1ep of GxH acting on VOV
Vie. (Ki@na) CA.B)=T(AI®T.(8).
Nofe . RN GyH—aLUudY)

PoP): G.H mat lie gps with lie alebrs g4
Canpus
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X,Ka ’fq)hs ‘Zf Cmﬁpﬂ\d‘ﬂj 9,
=2 MOT.: the tensor prooluct:vf Mand T2 (repn of GMH),
let 0N be the cotespordng, Lie ly 1epof J0H.  Then, (TOT LX) (X ©%F
TWz(Y)
yxeq.yeh.

DEF: 9. ‘L [te alg 7(\ L are  Yems oj-jq c“\ actmg on.u l/ The femorpmdmjc

K®R. is the vepof B acting on UBV by:
(O X)) T OL +LONa(Y) - ie. \x ¥) lv)= (x u)@v’r ud(Y-v)

Schuts lemma = _
| VoW 17 qeps of a g /lie algebra. §:V2W s aninterining mep
= p=o or Pis an isomophisn. |
2. Vowr rep. $:V—V Mm{erhﬂmgmaP -7(]) )\l onSomeACC
3. V-w  y Teps. ¢, ¢ vouy are 2. hngero mfe'”twmvvj maps, =, = AP, for
some A€ C.
MNote . i 2.3 the base Field is €

RCP!\S o:f sl2,0)
Goal: Findodl wy Teps of sliz.c)

Standard, basis : X{Z (‘)] Y[T:} H;[(: olJ

lemma: 75 repn of 5L(2,0). W : elgenvector of TIH): V=V Wit h. eigenvaluc o
(Ayv=av), Then TIH) TX)w= C+2)TXOU . ( whick meows TXIW
Will either be an eigenvector Jror‘ T(H) with, ev dt2, or MX)u=0 )

Similady, )TN u = Ld=2)T01)
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L) =Koy
TUHIR) =0T (H)= ar(X)

el OO H) () 210U
= xudw Farw = (eH)TX)Y

Now. Lot & be an. iry fep of sl(2,¢) acting on V-
Straie;jj Oiagonalize TU(H) .ie. findl eigerwectors spaming V/-
€ is oly closed 3 T(H) has ot [east. one elg yector(L with ev. v.
. ij emma_ LT u= (OH?-'Q)K(X)(L (k%O)
T(H) con have ot most. diml/ d\stmgwk eiq values. 3 Nzo.g¢
Tootute. Tz ik TR
let o= Tr(x)“u A= dtaN. = T He= o, 7c(xmo- o
* et U= T e for koo BJ temm Tk = O2k)Uk (h2o)
00 Ug = kO=he DUk . (R1) - P
As l’ej"',e Uk =0 fWSml{.,,Lef; uk T((T) U $0 ;for 0<L<m
o U= TO™Ugz0 s s
By (B 0=TNlUmtt = (M) Um > A=M ("‘teﬂ"’)> °
Consider getion. TC(x). fCY? T(H) oh Uo, -~ U
TC(H) Uk= (m-ok) Ug

L)l = b Af
LX) g = l kCmkp kg of koo
0 R=o

Site. Uo,ll, - -Um. are evec. for m(H) with. distinct € Value, Thefre  linear idep.

W= spartllo,--Umjc v, and W is ivardantFo . = V= W Cineduille)
V = span {Us, - ~Uni, dim. V=1
o V.V ined repof slo,)  uitth same dim. thon Vx| Uniguenesy)
_If we define o yep n lvjj U\e,lL it’s indel o vep of 5“10 '
Carnpusﬂ,m, VmeZ*, 31 i vepesentation of sling) of dim M1l. Luftoaw)Mtck

14 qjven bu

it

- oin n  a o i = o Al £ i ‘ =3
Q.'i‘/ (:‘ai) ‘1;1 () C) dh div ah ﬂ’l’:‘.;k‘f dh dlh Ak g & b

o
3




Thws () 2 finite, dim representoction. of 5102, ¢)., (hot necegily sneducible) ‘
O Eveny eigenvabie of TIH) is integer - If v is an e(genvector of TLIH) with eV A
TX)V=o, then M\ is o nonnegotive 1t
@. Opeators T and. LY ave nilotent,
O 1 we dfne 5V by S2€"%e W™ ﬂ\en. SH(HY 5= = TRLH)
®. kisan eigen volue of T[H) thow —(K, Ik fl,  KI-2 K| are also
| eiqenvalues of K (H)
< pf: Ody NIs O,
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by
J

= STis* = €7 e ™ e o T o 1Y o 1Y) o
@ - Aden(ﬂ A(Le-I(Y) Acl_enw(ﬂ,(ﬂ)) Aclc% =€
- 3 (l/ux)e ad-nlY) eamn (7[(H1) |
e ¥ e, & ot x0 edol—m’( n(m’: [no, T(H)] z [, Do, nend )-
] I .
g Do the Same U\irg with. e 2=y ) %™ e obtain 3.
= Summ:ny o pf of iny Tep of sl(x)
o (L eigenector for s>, ) with eigenvalue. 4.
C :%> ’ _rf:@ugg) w ﬂe&w"j_ﬂmo
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S Next: The Baker Camphell Hawsdorff formuloc
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